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Abstract 

In this paper we consider a possibility to construct dual formulation of gravity 
where the main dynamical field is the Lorentz connection u>^ ab and not that of tetrad 
e^ a or metric g^ v . Our approach is based on the usual dualization procedure which 
uses first order parent Lagrangians but in (Anti) de Sitter space and not in the flat 
Minkowski one. It turns out that in d = 3 dimensions such dual formulation is related 
with the so called exotic parity-violating interactions for massless spin-2 particles. 
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Introduction 



Investigations of dual formulations for tensor fields are important for understanding of al- 
ternative formulations of known theories like gravity as well as understanding of their role 
in superstrings. Common procedure for obtaining such dual formulations is based on the 
parent first order Lagrangians. As is well known in flat Minkowski space such dualization 
procedure leads to different results for massive and massless particles. At the same time in 
(Anti) de Sitter space-time gauge invariance requires introduction quadratic mass-like terms 
into the Lagrangians. As a result dualization for massless particles in (Anti) de Sitter spaces 
PP goes exactly in the same way as that for massive particles [2] and gives results different 
from ones for dualization of massless particles |3] in flat Minkowski space. 

In this paper using such dualization procedure we consider a possibility to construct 
dual formulation of gravity where the main dynamical quantity is a Lorentz connection 
field w fJj ab . Note that at the Hamiltonian level such description was discussed in j^j. Also 
such dual formulation of d = 3 gravity was recently discussed in [Sj. It turns out that 
in d = 3 dimensions such dual formulation of gravity is related with the so called exotic 
parity- violating interactions for massless spin-2 particles [HI IZj- So we start with d = 3 
case and show that such exotic interaction can be viewed as higher derivatives interactions 
in terms Lorentz connection io^ . Then we show how such interaction could be obtained 
from the usual gravitational interactions by dualization procedure starting with (Anti) de 
Sitter space and then considering a kind of flat limit. Then in the next section we consider 
straightforward generalization of such theory on arbitrary d > 4 dimensions. 



1 Dual gravity in d = 3 

Investigations of possible interactions for massless spin-2 particles have shown that in d — 3 
case there exist non-trivial "exotic parity- violating" higher derivatives interactions jHl Ej. 
The simplest way to see this [S] is to start with the first order formulation for massless 
spin-2 particle using "triad" h^ a and Lorentz connection u^ ab and introduce dual variable 
f^ a = \e ahc ijj^ c . In this notations the Lagrangian for free massless spin-2 particles has a 
very simple form: 

£o = \ { Z) U a U b - e" ua f, a d u h a a (1) 

Here 

{ ab} = <W - <f a %" 

and so on. This Lagrangian is invariant under the following local gauge transformations: 

Sh„a = d^ a + £ liab 7j b <J/ M ° = d^,rj a (2) 

Then it is easy to check that if we add the following cubic terms to the Lagrangian and 
appropriate corrections to gauge transformation laws: 

Ci = ~ { aba) U a fv b f* *i V = -Ke abc U b V c (3) 
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where K — arbitrary coupling constant, we obtain gauge invariant interacting theory. In 
this, equation of motion for the f^ a field are still algebraic, but non-linear now. So if we try 
to solve this equation in passing to second order formulation we get essentially non-linear 
theory with higher and higher derivatives terms. To see what kind of theory we get let us 
consider lowest order approximations. It will be convenient to introduce "dual torsion" 

Then from the quadratic Lagrangian we easily obtain: 

f(l)a rpa r> 1 J fJ.V\rpa rpb 

in — 1 Hi ^0— 2 <■ oh J 1 P- L v 

In the next quadratic order we get: 

f(2)a = _ K f\f\ + jeflf \f C b + f 2 } 

Substituting this expressions back to the first order Lagrangian and keeping only terms cubic 
in fields we obtain an interactions in a first non-trivial order: 

£i = ^{T)T%T\f\ (4) 

and this is just the interaction considered in [01 E|- Note here that such interactions do not 
necessarily violate parity because one can always assign f^ a to be a tensor, while h^ a - 
a pseudotensor. Now we can once again use a peculiarity of d = 3 space and dualize h^ a 
instead of //: h a a = \e abc u a bc Then we can rewrite all results in terms of this new variable 
by noting that: 

f\ = (V - ^ a R) = 
where we have introduced usual field strength: 

Rfj,v ab = d^v ah — dvW l f b , R^ a = 5 U ) ) R fll/ ab 
Now the cubic interactions looks like: 

Ci = — { R^ a Rv Ra c (5) 

In d = 3 dimensions all these look just like trivial field redefinition, but looking this way 
it has to be clear that there should exist a generalization of such interactions on arbitrary 
d > 4. To see how this generalization could be constructed we have to reobtain the same 
results without use of peculiarities of d = 3 dimensions. Now we will show that it is indeed 
possible by following usual dualization procedure based on the parent first order Lagrangians. 
Crucial fact here is that dualization for massless particles in (Anti) de Sitter spaces [T] goes 
in way similar to the one for massive particles in flat space [2] and not to that for massless 
ones j3J. So let us return back to the free case and start with massless particle in (Anti) de 
Sitter background space. A first order Lagrangians looks now as follows: 

A, = \ { £} U a fu b - e^f, a D v h a a + 1 { Z) K a K b (6) 
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and is invariant under the following local gauge transformations: 

*V = D^ a + e^rf 5f^ a = D^a + Ke^ ab £ b (7) 

Working with the first order formalism it is very convenient to use tetrad formulation of 
the underlying (Anti) de Sitter space. We denote tetrad as e^ a (let us stress that it is not 
a dynamical quantity here, just a background field) and Lorentz covariant derivative as D^. 
(Anti) de Sitter space is a constant curvature space with zero torsion, so we have: 

D { ,e u f = 0, [D„, D v ]v a = re(e M % b - e b e v a )v b (8) 

where re = -2A/(d - - 2). 

Now we switch on usual gravitational interaction by adding to the Lagrangian the fol- 
lowing cubic terms: 

A = -\ { T) U a U h K c - y i (9) 

as well as appropriate corrections to gauge transformation laws: 

<*! V = ks^tfX + h*rf) S 1 f, a = ke abc (f, b rj c + nh b C) (10) 

Note that in d — 3 case this gives us complete interacting theory. Then we switch back to 
the usual variable: f^ a = ^e abc uj^ bc . Also in order to have canonical normalization of fields 
in dual theory (where ui is main dynamical quantity now, while h — just auxiliary field) we 
make a rescaling : u — > ^[kuj and h — > ^h. In this a quadratic Lagrangian takes the form: 

a = \ { z) < c ^ bc - \ { z: } + \ { z) K a K b (ii) 

and gauge transformations leaving it invariant (now rf = \e abc rj bc ) 

6 Ka = D^ a + k Vim 5u, ab = D^ ab - e, a e + eX (12) 
At the same time an interacting Lagrangian in these variables looks like: 

ky/R fiua ad bd c k , MiyQ ,, a b c , . 

M- 2~ labels ^ - i abc I /V ^ ^ \ 16 ) 

with appropriate corrections for gauge transformations: 

= -A;v^«V 6 -^V a ) + -t(Ve b - (14) 

Usually in passing to the second order formulation one solves algebraic equation of motion 
for the uj field (which geometrically give zero torsion condition). Then putting results back 
into the initial first order Lagrangian one obtains ordinary second order formulation in terms 
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of (symmetric) tensor field. Here we proceed another way and try to solve equation for h 
field which is also algebraic in (Anti) de Sitter background. This equation looks as: 

1 r ixva\ Ti be | r iu>\ 7 b k r u b h c k^/~K ^ va bd cd r\ 
~-;{abcJ K va +{abf h v ~~ \ abc J h>a 7T~ { abc f W„ [Lb) 



8h^ 4 utcJ ra 2 v /^ LabcJ " Q 2 

where now -R^ afc = D^oj u ab — D u u^ ab . In the lowest order approximation we get: 

= V, V = V - ie/i? (16) 
while a second order quadratic Lagrangian takes the form: 

A) = ~\ { £} + \ i ab) < C ^ C (17) 

Note, that appearance of quadratic mass-like terms is natural in (Anti) de Sitter background 
and does not mean that u field becomes massive. It is important that besides usual gauge 
transformations 5uj^ ab = D^r] ab this Lagrangian also invariant under the local shifts 5uj^ ab = 
—e^ a C, b + e^ b C, a which is a remnant of ^-invariance of initial first order Lagrangian. To check 
this invariance one can use that under these transformations we have 8R^ a = D^ a . 

Now we proceed and consider next approximation with cubic interaction terms in the 
Lagrangian and linear terms in gauge transformation laws. Before we give explicit formulas 
let us discuss what kind of theory we obtain. Schematically the solution of h equation and 
cubic Lagrangian look like: 

k 

h {2) ~ — (Du){Du) + k^fnujuj 
Jk 



k 

d rsj —(Duj)(Duj)(Dlo) + k^{Duj)ujuj (18) 

So the " main" interaction terms are cubic three derivatives ones constructed from the gauge 
invariant field strengths (Du), the coupling constant being K — and at this level theory 
is essentially abelian. Only the presence of nonzero cosmological term adds one derivative 
Yang-Mills type coupling with dimensionless coupling constant being g = k^J~K. In this, 
our theory becomes non-abelian, the gauge group being the Lorentz group. The non-trivial 
interactions given above could be reproduced now in a kind of "flat" limit when k — > and 
k — > keeping K fixed. Indeed, in this limit we obtain: 



h^ a = K 



p b p a I pap i 1 „ a p c p b ^ a p2 

-rifj, tib + tiji ti + -e M Kb ti c — —e^ ti 



(19) 



while the cubic terms in the Lagrangian take the same simple form as before: 

A = -f {T}R» a R» b R« c (20) 

Besides the trivial at these limit invariance under the r] ab gauge transformations this La- 
grangian is also invariant under the local shifts £° with appropriate corrections: 

5^* = K(R^e - R b C) 

Let us stress that it is the invariance under these shifts that fixes the particular structure 
of cubic interactions among many other possible gauge invariant terms that could be easily 
constructed. 
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2 Dual gravity in d > 4 

In this section we consider straightforward generalization of the procedure given above to 
the case of arbitrary d > 4 space-times. Again we start with the first order formulation of 
massless spin-2 particle in (Anti) de Sitter background with the Lagrangian: 

A, = \ { Z) < c ^ bc - \ { abc) D^uj u ab h a c + ±=± { Z) K a K b (21) 

Here we have already made a rescaling of fields appropriate for dual version. Then we add 
the usual gravitational interactions at the first non-trivial (cubic) order: 



a = ^ { z: } ^ w - ^= { z a J} ivv* + { zn k«k% 

(22) 

As is well known working with tetrad formulation of gravity and especially with supergravity 
theories it is very convenient to use the so called "1 and 1/2" order formalism. But here 
to construct a dual theory we have to work in a "honest" first order formalism taking into 
account gauge transformations for all fields. In this approximation they have the following 
form: 

= ^[CRu, ab + (R, a e-R, b C) + ^-i;C(e, a Ru b -e, b R u a )- 

^/k a — I 

' V£ 6 - e» b OR ~ (d ~ 2)(h» a e - VD] (23) 



c 



2(d-2) 

for the ^-transformations as well as 

5 1 u, ab = A;v^« c ?f b - W°) <*i V = kV^h^ (24) 

for the i] ab -ones. Note that the main difference from the d = 3 case is rather complicated 
form for the ^-transformations of uo field. As we will see this leads to the essential difference 
in the structure of interacting Lagrangian. Now we try to solve algebraic equation for h field 
which in this approximation looks as follows: 



5C 



1 k 

_ 4 { Zc) Rv^ + ( d - 2 ) { Z } - ~Q= { Zed } Rva^h/ + 

i (2^ ~ 5)fc , fiuai b c ky/n bd cd 
%Jk — abc 2~ abc 

This equation is a non-linear one. Moreover, if one consider next to the linear approximations 
then one obtains even more non-linear terms. So it seems hardly possible to get general 
solution of this equation, but nothing prevent us from solving it iteratively, order by order. 
Here we restrict ourselves by the linear approximation as in the previous case. In the lowest 
order approximation we get: 

*# )a = 1=2*"'' k " a = " W=Tf» aR (26) 
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and in this notations the structure of quadratic second derivative Lagrangian looks very 
similar to the d = 3 case: 

£o = ~^2) { Z) K a RJ } + \ { Z) < C ^ hC (27) 

The formulas in the next approximation could be greatly simplified if we introduce trace- 
less conformal Weyl tensor: 

^ ~ ^ d-2 1/1 v] (d-l)(d-2) M v [ } 

in this, the following useful relation holds: 

R,u ab = C, u ab + j^e^R^ (29) 

As in the d = 3 case it is possible to consider a "flat" limit with when k — * and k — > 
keeping K — fixed. In this limit a solution of h equation in the next order gives: 

hf a = -Jj^slid - 2)C^ ab R b » - R^Ru a + R, a R + ^/[(Afl) - R 2 ]] (30) 

Then putting this expression back to the initial first order Lagrangian and keeping only cubic 
terms we obtain the following three derivatives Lagrangian: 

r — — r f tivaf}\ (~i abh en d , d — A ^ U a\ p a p b p cl /qi\ 

~~ ~2(d - 2) 2 L a6cd J ^ a 13 3(d - 2) abc M ^ 

Again this particular structure of the Lagrangian is fixed not only by the invariance under 
the usual gauge transformations 5u^ ab = d^rj ab , but also by the invariance under the local £ 
shifts with the linear terms being: 

fa* = K[CC Ufl ab + -^{RX ~ R^)] (32) 
The following identities turn out to be useful: 

D a C^u ab = j _2 (■D tl R v b ~ D v Rp) 
D a R, a = D,R (33) 

Note, that the general structure of the Lagrangian obtained is in agreement with the d = 3 
case. Indeed, in d = 3 conformal Weyl tensor is identically zero, so the first term is absent. 
It is interesting to note that the d — 4 case is also special, because in this and only this case 
the second term is absent. 
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Conclusion 



In this paper we have shown that there indeed exists a dual formulation of gravity in terms 
of Lorentz connection uj^ ab field. Such formulation turns out to be highly non-linear higher 
derivatives theory, so it is not an easy task (if at all possible) to give compact formulation 
at full non-linear level. However it is possible to construct such theory iteratively, order 
by order in fields as we have done in the linear approximation here. Also we have shown 
that the so called exotic parity-violating interactions for massless spin-2 particles could be 
considered just as such dual formulation of usual gravitational interactions. 
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